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Introduction

The aim of this project is to introduce the Brauer group and the Brauer-Grothendieck
group of a scheme. The Brauer group of a scheme, which is denoted by Br(X), is
the generalization of the Brauer group of a field: we consider Azumaya algebras
over a scheme instead of central simple algebras over the field. The cohomological
Brauer group, or Brauer-Grothendieck group, is defined via the étale cohomology
as Br'(X) = H?(Xe,G,,). This group is an fundamental invariant associated to
scheme and is used to define the Manin obstruction which gives useful information
on the failure of the Hasse principle on a variety. In the next section, we present
some information about this Manin obstruction. The reference is [Sko01].

In what follows, we use the following conventions: k is a field and {2, is its set of
places (recall that a place is an equivalence classes of valuation of k). If v € Q is a
place of k, we denote by k, the completion of k& with respect to v. We also denote
[Loeq, kv by ko,. If X is a scheme defined over k, we denote by X (k) its set of
rational points, endowed with the Zariski topology.

Diophantine equations, the Hasse principle and the Manin
obstruction

Diophantine equations (indeterminate polynomial equations which admissible solu-
tions are integers) are studied by mathematicians since the early development of
mathematics. Since 1970 we know there is no algorithm which determine if a Dio-
phantine equation with integer coefficients has a solution or not (see [Mat93]). How-
ever, the existence of solutions of such equations over Q is still an open problem.
One obvious necessary condition is the existence of a solution over R and over Q,
for every p € P. The natural question is whether this is a sufficient condition. If it
is the case, we say that the equation satisfies the Hasse principle. More precisely, we
have the following.

Definition (Hasse principle)

Let k be a global field, let Q. be its set of places and let C be a class of algebraic
varieties over k. We say that C satisfies the Hasse principle if for every V € C we
have

Vi(ky) # 0,%0 € QO = V(k) # 0.

We say that a collection of equations satisfies the Hasse principle if the class of
varieties defined by these equations satisfies the Hasse principle.

For example, if an homogeneous polynomial f(zy,...,x,) with coefficients in Z
satisfies the Hasse principle, then it means that if the equation f(x1,...,2,) = 0 has
a solution in R and Q, for every p € P, then f(x1,...,x,) = 0 has a solution in Z.

5
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The Hasse-Minkowski theorem (see [Ser73, Chapter 4, §3, Theorem 8]) implies that
the class of varieties defined by a quadratic form satisfies the Hasse principle. It is
well know that there exists simple equations which do not satisfy the Hasse principle.
For example, the equation 323 + 433 + 523 = 0 has solutions in every completion
of Q but not in Q (see [Sel64]). A lot of counter examples of the Hasse principle
were provided by mathematicians but these examples seemed somehow unrelated.
In 1970, Yuri Manin presented a general obstruction, the Manin obstruction, which
explained all the counter-examples to the Hasse principle which existed at that time!.
We can prove for some classes of varieties that the Manin obstruction is the only
obstruction to the Hasse principle. Moreover, in some cases (for example when the
Picard group has good properties) one can easily compute the Manin obstruction.

The Manin obstruction

Let Y be a scheme and let X and Y’ be two schemes over Y. We can define the
following pairing:

Br'(X) x X(Y') — Br/(Y’)
(A, s) — P(s) :=s"(A4),
where Br'(X) denotes the cohomological Brauer group of X (see Section 3.3). In
particular, if X is a smooth variety over a field k, then for every extension K of k,
we have the pairing
Br'(X) x X(K) — Br(K)
(A,s) — A(s) := s"(A).

Now, suppose that X is a smooth and geometrically integral variety over a number
field k. Recall that we have the exact sequence

0 Br(k) 2 veq, Br(ky) —=Q/z —0,

where €y is the set of places of k, the second arrow is the diagonal map and the
third arrow is the sum of the local invariant maps inv, : Br(k,)~——=Q/7. These
local invariant maps give rise to the adelic Brauer-Manin pairing?:

Br'(X) x X(Ay) — Q/7

where X (Ay) = [[,cq, X (kv) is the set of adelic points. Note that if the variety X
is such that X (Ag) # () and X (k) = (), then X is a counter-example to the Hasse
principle.

Now, we define X(Ak)Br/(X) as the right kernel of this map, i.e. the set

X (AP = {(P)y : (A, (P,),) —> 0,YA € Br(X)}.

! Alexei Skorobogatov gave a counter-example to the Hasse principle which is not explained by
the Manin obstruction (see [Sko99]). More recently, Bjorn Poonen showed the construction of a
k-variety X (for a global field & of characteristic not 2) such that X (k) = @ but for which the
emptiness cannot be explained by the Brauer-Manin (see [Pool0]).

2The fact that the sum is indeed finite is showed in [Sko01, 5.2].
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It can be shown that the image of X (k) under the inclusion X (k)——=X(Ay) is
contained in X(Ak)Br,(X). Therefore, we have the following chain for every A in
Br'(X):

In particular, if X(Ak.)Br (X) = (), there is no k-rational point.

Definition (Counter-example accounted for by the Manin obstruction)

If the variety X is such that X (Ag) # 0 and X (k) =0, then X is a counter-ezample
to the Hasse principle. In this case, if X(Ak)Br,(X) = (), we say that this counter-
example is accounted for by the Manin obstruction.

In a similar way, using the unramified Brauer group Br,(X)? we can define the
Manin obstruction to the weak approrimation: we consider the

Brur(X) X X(kQ) — Q/Z

and look at its right kernel X (kq )P (X) The set X (kq)P"(X) allows us to give an
explicit condition whether the Manin obstruction is the only obstruction to the weak
approximation and to the Hasse principle.

Content of this project

This project consists of three parts. In the first one, we present some prerequisites
such as group cohomology, profinite groups, Galois cohomology together with a few
results about sheaves and sheaf cohomology. The second part is dedicated to the
presentation of the Brauer group of a field; we give three equivalent definitions of
the Brauer-Group and study some examples (finite fields, quasi-algebraically closed
fields and local fields).

The lasts part of this project is dedicated to the presentation of the Brauer group of
a scheme. We present the two definitions of this Brauer group.

*Recall that the unramified Brauer group of a field extension K/k is defined as Bru, (K/k) =
Ngim (Br(R) — Br(K)), where R runs through the set of discrete valuation rings such that
k C R C K and K is the field of fraction of R. The unramified Brauer group of our variety X is
Brur(X) := Bru(k(x)/k)
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Chapter 1

Prerequisites

1.1 Cohomology

1.1.1 Group cohomology

In this section, we recall briefly some definitions and results about groups cohomol-
ogy. Let G be a group and let A be a left ZG-module. We choose some projective
resolution P, of Z, considered as a trivial ZG-module, that is we have the following
exact sequence of ZG-modules:

P, Py e P Py——=7 0.

Applying the left exact functor Homyg(—, A) gives rise to a complex of abelian
groups

HOHIZG'(P(), A) E— Hong(Pl, A) E— HOHIZG'(PQ, A) —_—

Now, we can compute the cohomology groups of the complex Homyg(P., A). Us-
ing standard theorems of homological algebra (see for example [Rot08, Comparison
Theorem]|), one can show that if P, is another projective ZG-resolution of Z, then
the cohomology groups of the two complexes Homyg(Pe, A) and Homgzg(P,, A) are
canonically isomorphic. This motivates the following definition:

Definition 1.1.1 (n-th cohomology group)
Let G, Py and A be as before. The n-th cohomology group of G with coefficients in
A, denoted by H™(G, A), is the n-th cohomology group of the complex Homyg(Pe, A).

We have the following basic properties.

Proposition 1.1.2
Let G be a group and let A be a ZG-module. Then, we have H°(G,A) = A%, the
G-fized point of A.

Proposition 1.1.3
Let G be a group. Then, H"(G,—) is a covariant functor from the category of ZG-
modules to the category of abelian groups.

Theorem 1.1.4 (Long exact sequence in cohomology)

Let G be a group and let 0 A—*-B ¢

C 0 be a short exact sequence
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of ZG-modules. Then, there exists for each n € N a connecting homomorphism
H™(G,C) — H"Y(G, A) such that the following sequence is ezact:

0—— HYG, A) 2> HY(G, B) —2~ H(G, C) —— HYG, A) ——> - --

Proof. See [Rot08, Corollary 6.46]. O

Example 1.1.5 (Cohomology of finite cyclic groups)

Let G = (g) be a cyclic group of order n and let A be a ZG-module. We want
to compute the cohomology groups H™(G, A). For any = € ZG, we denote by
mult, : ZG — ZG the morphism of ZG-modules which send some element a to
a-x. We also let A = Z?:_()l g' € ZG. Then, one can check that the following
sequence is a projective (in fact free) ZG-resolution of Z:

mult multy 1 mult multy 1 c

G 7G 7G 7G 7G

Z 0,

where £(g) = 1 (remark that the kernel of ¢ is generated by {g° —1:1 <1i <n—1}).
Using the isomorphism Homyzq(ZG, A) = A (as ZG-modules), any morphism mult}, :
Homyg(ZG, A) — Homyg(ZG, A) becomes mult, : A — A. Therefore, applying
the functor Homzg(—, A) to the projective resolution gives the complex

multg—1  multy, multg_1  multy

Finally, we have

ACn if m=0,
H™(Cp, A) = AC’”/immult,\ if m is even,m > 2,

ker multy /i mult, if m is odd.

Proposition 1.1.6
Let G be a finite group. Then, H™(G,Q) = 0 for every m > 1.

Proof. Let n = |G|. It is well known that n- H™(G,Q) = 0. Now, the map Q — Q
which sends any ¢ € Q to n - ¢ is an automorphism of Q which gives rise to an
automorphism H™(G,Q) — H™(G, Q) which corresponds to the multiplication by
n, as required. O

1.1.2 Profinite groups

Definition 1.1.7 (Profinite group)
Let G be a topological group. We say that G is profinite if it is compact, Hausdorff
and totally disconnected.

Theorem 1.1.8

Let G be a topological group. Then, G is profinite if and only if there exists a
fundamental system of open meighbourhood I of the neutral element consisting of
normal subgroups of G such that (\ycr N = {1} and G = Wm G/N-
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This characterization is interesting because of the following construction. Let k
be a field and let K be a Galois extension of k, let G = Gal(K, k) be the Galois
group of K over k. For each finite Galois extension E C K of k, we denote by G’y
the group Gal(K, E), which is a normal subgroup of G. Now, if ' C K is another
finite Galois extension of k, then so is the composite E V F. Moreover, we have
Gy NGy = G’ p. Therefore, the set {G’;} g, where E runs through the set of finite
Galois extension contained in K, is a neighbourhood system consisting of normal
subgroups. Thus, there exists a unique topology on G which is compatible with the
group structure of G (see [Bou07]).

Definition 1.1.9 (Krull topology)
The topology defined above is called the Krull topology.

Theorem 1.1.10
Let k be a field, let K be a Galois extension of k and let G = Gal(K, k). Then, we
have

G 2 |im Gal(E, k),
E

where E runs through the set of finite Galois extension contained in K. In particular,
G is a profinite group.
Examples 1.1.11 (i) If we let p € P, then Gal (E, Fp) >~ 7. the profinite com-

pletion of Z. More generally, if F' is a finite field, then Gal (F, F) ~ 7 (this
is because the set of finite Galois extensions of F' is cofinal in the set of finite
Galois extensions of F),, where p is the characteristic of F).

(ii) Let p be an odd prime. For m € N, we denote by ¢, a primitive m-th root of
unity in Q and Fj, = Q[Gpn]. Now, if we let F' = J,5 Fi, then we have

Gal (F,Q[Gp]) = Zy.

1.1.3 Cohomology of profinite groups

Proposition 1.1.12
Let G be a profinite group and let A be a G-module. The following are equivalent:

(i) The maps G x A — A, which send (g,a) to g-a is continuous (A is endowed
with the discrete topology).

(i) For each a € A, the stabilizer G, is an open subgroup of G.

(ii1) Up<,q A" = A,

Definition 1.1.13 (Continuous G-module)

Let G be a profinite group and let A be a G-module. We say that A is a continuous
G-module (or that the action is continuous) if one of the condition of the previous
definition is satisfied.

Examples 1.1.14 (i) If G is finite, then every G-module is a continuous G-module.

(ii) Let K/k be a Galois field extension and G = Gal(K, k). Then, the action
of G on K* is continuous. To see this, let a be an element of K*. Then
o € Gisin G, if and only if 0 € Gal(K, k[a]). Now, if f = min(a, k) is the
minimal polynomial of a over k, then K[f], the splitting field of f, is a finite
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Galois extension of k, which implies that Gal(K, K[f]) is open in G. Since
Gal(K, K[f]) ¢ Gal(K,kla]) = G, then G, is open in G (in a topological
group, each subgroup containing an open subset is open).

Let G be a profinite group and let A be a continuous G-module. Let n € Ny. If
N’ N are two open normal subgroups of G such that N’ C N, we have an morphism
of groups
H"(G/N,AN) — H”(G/N/,AN/).
These morphisms give rise to a direct system of groups H" (G /N, AN ), where N
runs through the set of open normal subgroups of G. This motivates the following
definition:

Definition 1.1.15 (Cohomology groups of a profinite group)
Let G be a profinite group and let A be a G-module. The n-th cohomology group of
G with coefficients in A is H"(G, A) = @NQDG H™ (G/n, AN).

Remark 1.1.16

Instead of using the limit, one could have defined the cohomology groups in the
“usual way”: we let C"(G, A) be the set of all continuous (recall that A is endowed
with the discrete topology) maps from G™ to A and we consider the coboundaries

C"(G,A) — C™"1(G, A) defined as
(df)(gla s 7gn+1) =01 f(.g27 s >gn+1)
+ Z(_l)if(gla e Gim159i " Git 15 Gid2s - Gnt1)
i=1

+ (=D f (g1, 9n).-

And then, consider the cohomology groups of the complex (C’"(G7 A), d). One can
easily show that the two definitions are equivalent. However, the definition with the
limit is very powerful because one can use results from the finite case, as shown in
Proposition 1.1.18.

Remark 1.1.17
In particular, if K|k is a Galois extension (not necessarily finite) and G = Gal(K, k),

then we have
H*(G, A) = hgq]ﬂ (Gal(F, k>,AGal(K,F))7
F

where I’ runs through the set of finite Galois extension F' of k contained in K.

Proposition 1.1.18
Let A be a continuous G-module and let n > 1. Then, the group H"(G,A) is a
torsion group.

Proof. When G is finite, this is a well-known result. To conclude, we remark that a
direct limit of torsion group is again torsion. O

1.1.4 Non-abelian group cohomology

When we defined the cohomology groups H™(G, A), we considered a ZG-module A.
Although it is not possible to define all the H"(G, A) if A is not commutative, it is
possible to define a group H°(G, A) and a pointed set H'(G, A). The reference for
this section is [Ser94, Chapter I, § 5|. In this section, G denotes a profinite group.
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Definition 1.1.19 (G-set)
A G-set is a discrete topological space in which G acts continuously (see Proposition
1.1.12). If A is a G-set, then we denote g - a by %, for all g € G and a € A.

Definition 1.1.20 (G-group)
Let A be a G-set. We say that A is a G-group if the action of G is compatible with
the group structure of A, that is if 4ab) = % - %, for every g € G and every a,b € A.

From now, A denotes a G-set.

Definition 1.1.21 (Cocycle, set of cocycles)
A 1-cocycle, or cocycle, of G with values in A, is a continues map a from G to A,
o — ay such that

Agr = @y - %ar;, Vo,7 € G.

We denote by Z(G, A) the set of all such 1-cocycles.

We define an equivalence relation as follows: two cocycles a and @’ are said to be
equivalent, or cohomologous, if there exists b € A such that

a.=b"ta,-%, Voed.

(e

The quotient of Z(G, A) by this equivalence relation is denoted by H'(G, A) we also
let H(G, A) = A%, the G-fixed points of A.

Remarks 1.1.22 (i) The H'(G, A) may fail to be a group. However, it is a pointed
set. The base point is given by the class of the trivial cocycle.

(ii) If A is commutative, then A is a G-module. Then, a 1-cocycle is a derivation
and two cocycles are cohomologous if they differ from a principal derivation.
Hence, H*(G, A) and H!(G, A) are the same as the two first cohomology groups
if A is commutative.

The next two propositions are easy to prove and well-known results.

Proposition 1.1.23
The pointed sets H' (G/U,AU), where U runs through the set of open normal sub-
groups of G, is a direct system. Moreover, we have

H'(G,A) = lim H' (G/y, A7)
UG

Proposition 1.1.24
The set HY(G, A) is functorial in A. Moreover, if

1 A B C 1

1s an exact sequence of G-groups, then we have an exact sequence of G-sets

1 AG BG CG Hl(GvA)HHl(GvB)HHl(Gvc)

Proposition 1.1.25

Let 1 A—*5>B C 1 be an exact sequence of G-groups such that A is
contained in the center of B. Then, we have an exact sequence of G-sets

(4

1 — AG — B¢ — (G — H'(G, A) — H'(G.B) = H\(G,C) - H(G. A).
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Proof. We only have to construct § and to show the exactness at H'(G,C). Let
¢: G — C be a 1-cocycle. For each o € G, choose a preimage b, € B of ¢, under
1. Since cis a cocycle, by %y by, ! is in the kernel of ¢ for each o, 7 € G. Therefore,
there exists a unique aqsr € A such that ayr = by - %b; - bor L. Hence, we can define
a map

a=060(c):GxG— A, (0,T)— agr.

To show that a is a 2-cocycle, we have to show that
o —1 -1
Qrn - Aot *Qo,rn Qo =1

Using the definition of a and the fact that A is abelian gives the equality. Similarly,
one can show that § passes to the quotient to a map 6 : H*(G,C) — H?(G, A) and
that its definition does not depend on the preimage b, of c,.

Now, if ¢ € im )y, then the application b : G — B is a 1-cocycle, which implies
that a,r = 1 for each 0,7 € G. Finally, suppose that ¢ € keré which implies the
existence of a map g : G — A such that

bo - by - bcﬂ'il = 09(7—) ’ 9(0'7—)71 '9(0)'

Now, define b:G —> B as )
by = by - g(o) L.

It is easy to see that b is a l-cocycle and that w*(g) = b. Therefore, we have
im ¢, = ker d, as required. O

Theorem 1.1.26 (Hilbert’s theorem 90)
Let K/k be a Galois extension. Then, for every n € N, we have

H'(Gal(K, k), GL,(K)) = {1}.
Proof. See [Gugl0, Theorem 2.5.12]. O
det

Using the short exact sequence 1 —— SL,,(K) —— GL,(K) — K* —1,
we can prove the following.

Corollary 1.1.27
Let K/k be a Galois extension. Then, for every n € N, we have

H'(Gal(K, k), SL,(K)) = {1}.

1.1.5 Twisted forms and Galois descent

The descent problem could be summarized as follows. Suppose we are given a Galois
extension K/k, a collection of objects defined over k (for example vector spaces,
tensors, schemes®, algebras, ...) and a way to extend the scalar from k to K. If two
objects defined over k are isomorphic over K, are they also isomorphic over k7 The
material presented here can be found in [Ser94| and [Ser95].

In this section, we briefly present the case of vector spaces and tensors. Let K/k
be a Galois extension. Unless stated otherwise, a vector space is a finite dimension
vector space over k.

1See section 1.3.3.3 for twisted forms of schemes.
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Definition 1.1.28 (Tensor)

Let V' denotes a finite dimensional k-vector space. Let (p,q) € Ng x Ng. A tensor of
type (p,q) is an element ® of VEP @, (V*)®q. In what follows, we shall also use the
word tensor for the pair (V,®).

Proposition 1.1.29
Let V be a finite dimensional k-vector space. We have the following isomorphism

VP @ (V)™ 22 Homy, (VO, VEP).
Example 1.1.30
If ¢g =2, p=1and ® satisfies an associativity condition, then (V,®) is just a
k-algebra.
Notation 1.1.31
Let (V,®) and (W, ¥) be two tensors of type (p,q) and let f: V — W be a linear

map. Then, if we consider ® and ¥ as multi-linear maps, we can define the maps
f-®and V- f by post-composition and composition by f in each factor of V.

Definition 1.1.32 (Morphism of tensors)

Let (V,®) and (W, V) be two tensors of type (p,q). A morphism from (V,®) to
(W, W) is a k-linear map f:V — W such that f-® =T - f.

Remark 1.1.33

If f: V — W is an isomorphism, then we have a canonical map f*~1: V* — W*.
Then, the condition f-® = ¥ - f is equivalent to ask that

fore @) = v,
where @ is viewed as an element of Homy (V®q,V®p) and ¥ as an element of
Homy, (W&, W&P).

Notation 1.1.34
Let (V, ®) be a tensor. We denote by Vi the K-vector space V @ K and by @k the
tensor ® ® idg. Moreover, we denote by Autg (®) the set of all automorphisms of

(Vi, Px).
For the rest of this section, we fix a finite dimensional k-vector space and a tensor
(V, @) of type (p,q).

Definition 1.1.35 (Twisted form)
Let (W, W) be a tensor of type (p,q). We say that (W, V) is a K|k-twisted form of
(V,®) if (Vi,Px) = (Wk,Vk). We denote by TF(V,®), or just TE(®), the set
of all k-isomorphism classes of K|k-twisted forms of (V,®). This is a pointed set
with base point the class of (V, ®).

1.1.5.1 Descent and cohomology

As before, we consider a Galois extension K /k with Galois group G, a finite dimen-
sional k-vector space V' and a tensor ® on V. We want to show that there exists a
bijection of pointed sets between TF g (V, ®) and H! (G, AutK(<I))). We consider on
Aut g () the following G action:

G x AutK(q)) — AutK(<I>)
(o, f) — °f = (idy ®0) o f o (idy ®a1).

We remark the following:



16 CHAPTER 1. PREREQUISITES

(i) The action is compatible with the group structure on Aut g (P).

(ii) The action is continuous. Indeed, if the automorphism f is represented by the
matrix (a;j), then 7f is represented by the matrix (a(aij)). Proceeding as in
Examples 1.1.14 (and taking some compositum fields) shows that the action is
continuous.

Hence, is makes sense to consider the set H! (G, Autg (®)).

Theorem 1.1.36
Let K/k be a Galois extension K/k with Galois group G, a finite dimensional k-

vector space V and a tensor ® on V. There exists a bijection of pointed sets between
TFg(V,®) and H' (G, Autg (P)).

Proof. First, we want to define a map 0 : TFg(V,®) — H'(G, Autg(®)). Let
(W, ¥) be a K|k-twisted form of ®. By hypothesis, there exists a K-isomorphism
f: Vk — Wg which send ® to U. We associate to (W, ¥) the following 1-cocycle:

a:G — Autg(P)
1

o a, = f" 0 f.

It is easy to see that the class of the cocycle a in H'! (G, AutK(CI))) does not depend on
the choice of the isomorphism f. Indeed, if g : Vix — Wi is another K-isomorphism
which maps ® to ¥ and if we denote the corresponding cocycle by a’, we have a’ ~ a,
viab=go f~L.

Injectivity of 6 Suppose that (W, ¥) and (W', ¥’) are two K|k-twisted forms which
are mapped to the same element. If we denote by f and f’ the K-isomorphisms
Vi — Wk and Vg — W/, then there exists h € Auty (®) such that

f’_loao f'=htoflosofoh, Voec.

Hence, the element f'oh~'of~!is invariant under the action of G, which means
that it comes from a k-isomorphism from W to W’. Hence, 6 is injective.

Surjectivity of 6 Let a : G — Autg(®) be a 1-cocycle. Choosing a base of Vi
allows us to view a as a cocycle with values in GL,(K), for some n. Since
H'(G,GL,(K)) is trivial (see Theorem 1.1.26), there exists f € Autg(®)
such that a, = f~1 0 7f, for every 0 € G. Let ¥ = f(®). We want to show
that U comes from V' (hence it will be clear that (V, V) is a preimage of a).
To see this, let 0 € G and compute

o- U =0 f(@)= ()0 -2)=("f)(®) = (foas)(®) = f(?) =T,
as required.

O]

As mentioned before, an algebra can be viewed as a (1, 2)-tensor which satisfies
an associativity condition. Therefore, the previous theorem will help us to show that
the Brauer group is isomorphic to some H'.
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1.2 Reduced norm and unramified extensions

1.2.1 Reduced norm

Let A be a finite dimensional central simple algebra over a field k. We will see
(Theorem 2.1.5) that there exists a finite extension K of k and an integer n (in
fact, n is the degree of A, see Definition 2.1.8) such that there exists a isomorphism
f:A®, K — M, (K). For an element a € A, we can consider

Nrds i (a) = det (f(a® 1) —z - I,).

One can show that Nrdy x(a) does not depend on the choice of the isomorphism
f and the splitting field K (see [Boull, §12, n°® 3]). Hence, we have the following
definition.

Definition 1.2.1 (Reduced norm map)
Let A be a finite dimensional central simple algebra over a field k and chose an
isomorphism f : A®, K — M, (K). The reduced norm of A is the map

Nrd: A — K
ar—det (fla®l)—a-1p).

Proposition 1.2.2
Let A be as above. Then, the following hold:

(4) imNrd C k;
(i) Nrd is multiplicative;

(#11) if a € k, then Nrd(a) = a"™, where n = \/dimy, A4;
) Nrd(a) # 0 if and only if a € A*.

Proof. (i) See [Boull, §12, n° 3].

(iv

(ii) Clear.
(iii) Nrd(a) =det (f(a® 1)) = a"det (f(1 ®1)).

(iv) If a € A*, it is clear that Nrd(a) # 0 since Nrd is multiplicative. Now, suppose
that Nrd(a) # 0, which means that f(a ® 1) and a ® 1 are invertible. Since A
is artinian, we get that either a is invertible or a is a zero divisor. If a is a zero
divisor, then a ® 1 cannot be invertible, contradiction. Hence, a is invertible,
as required.

O

1.2.2 A few results about unramified extensions

We briefly present a few results about unramified extensions. The proofs and the
details can be found in [Ser95]. We consider a complete discrete valuation ring (A, v)
with residue field k.

Theorem 1.2.3

For every finite separable extension k' of k, there exists an unramified finite extension
K' of K such that the residual extension is isomorphic to k'/k. Moreover, K' is
unique up to isomorphism and K'/K is Galois if and only if k' /k is Galois.
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Definition 1.2.4 (Maximal unramified extension of a field)

Let K be the set of all finite and unramified extensions K' of K obtained by the
previous theorem when k' runs through the set of all finite and separable extension r’
of k. We define the maximal unramified extension of K, denoted by Ky, as follows:

Ky = hgq K.
K'eK

Theorem 1.2.5
The maximal unramified extensions Ky of K satisfies the following properties:

(i) Kuw/K is Galois;
(i) the residue field of Ky is Ks;
(i1) Gal(Ky, K) = Gal(ks, k).

Corollary 1.2.6

Let K" /K be a finite extension, with residue field " /k. The subeztensions K'/K of
K" /K which are unramified over K are in one-to-one correspondence with separable
subextensions k' [k of K" /K.

1.3 Sites and sheaf cohomology

1.3.1 A few things about sheaf cohomology

In this section, all schemes are assumed to be locally noetherian and X denotes such
a scheme. Unless specified otherwise, a sheaf denotes a sheaf of abelian groups. Most
of the material presented here can be found in [Mil80].

Definition 1.3.1 (Etale morphism)
Let f: X — Y be a morphism locally of finite type between two schemes. Then, f
1s called étale if it is flat and unramified.

Notation 1.3.2
We denote by Xp the small E-site on X (see [Gugl2|). For example, E can be:

E = ét the class of étale morphisms;
E = zar the class of open immersions;
E =11 the class of flat morphisms.

Notation 1.3.3
We denote by P(X) (respectively S(X)) the abelian categories of presheaves (re-
spectively sheaves) on Xp with value in Ab.

Theorem 1.3.4
The category S(X) has enough injectives.

Proof. See [Mil80, Proposition III.1.1]. O

With this result, we can consider the right derived functor of any left exact
functor from S(X) to any abelian category (see |Gugll]).
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Definition 1.3.5 (Cohomology groups)
Let n € Ny. It is well-known that the global section functor I'(Xg,—) : S(X) — Ab
1s left exact. Its right derived functors are written

H"(X,—) = H"(Xp,—) == R"T(X, ).

If # is a sheaf on Xpg, the group H"(Xg, %) is the n-th cohomology group of Xg
with values in .%.

Definition 1.3.6 (Ext groups)
Let F be a sheaf on X. The functor Homx (%, —) is left exact and thus gives rise
to its right derived functors Ext'y (F,—).

Remark 1.3.7

Let Zx, be the constant sheaf defined by Z on Xpg. Since we have a natural iso-
morphism #(X) = Homx,(Zx,,#), then we have Ext (X, %) = H"(Xg, #)
(see [Rot08, Corollary 6.49]).

1.3.2 The étale site on Speck and étale cohomology of Speck

Let k be a field, let X = Speck and let G = Gal(ks, k). An object U — X of
Xet can be written as a disjoint union of spectra of finite separable field extension
of k, which means that U corresponds to a finite dimensional étale k-algebra A,
that is A = P, ks, where each k; is a finite separable extension k; of k (see [Mil80,
Proposition 1.3.2]). Now, we would like to identify the category of sheaves of abelian
groups on Xet. Let % be a presheaf of abelian groups on X For any finite separable
extension k' of k, we write . (k') for .#(Speck’). If k'/k is Galois, then Gal(k', k)
acts on Z(k'). Tt can be shown (cf [Mil80, Proposition 11.1.4]) that if .# sends
disjoint union of schemes to direct product of abelian groups, then the sequence

FZ(K) —= F(K) —= F (K op K),

with & finite over k and K finite Galois over &/, is exact if and only if the equality
F (k) = F(K)GAHF) holds.

Proposition 1.3.8

As above, let k be a field, let X = Speck and let G = Gal(ks, k). Then, we have an
equivalence of categories between the category of continuous G-modules (see Defini-
tion 1.1.13) and the category of sheaves on Xg.

Proof. Let M be a continuous G-module. We define the following presheaf .%3; on
Xet: an étale k-algebra A is mapped to

T (A) = Homg (Homy_aigebras (A4, ks)).
Note that this is equivalent to send an étale X-scheme U to
Fy(U) = Homg (HomX(T, U)),
where T is a geometric point of X. Now, the presheaf .%), satisfies:

LgaMZXét—>Ab

@ kl — @MGal(k’s,ki)_
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We want to show that %), is actually a sheaf. Thanks to [Mil80, Proposition I1.1.5],
it is sufficient to check that the following sequence

FuU) —11; Fu(Us) —= 11, ; Zm (Ui xv Uj)
is exact for:
(i) Zariski coverings;
(ii) étale coverings U' — U with both U’ and U affine.

The first point follows from the definition and properties of .%);. For the second, we
can suppose that U’ and U correspond to a tower of separable extensions k C F C F’.
Let L' be a finite Galois extension of F' containing F’. We know (see above) that
the sequence

Fy(F)—— Fy(L) —= Fy (L @p L),

is exact. Therefore, by considering the diagram
Fy(F)—— Fy(F) —= Fy(F' @p F')
f%\M(F) —_— ffM(L/) — ffM(L/ RQF L/),
one shows that the top row is also exact, as required.
If o : M — M’ is a morphism of continuous G-modules, it induces a morphism of

sheaves oy, : Fyr — Fr.
Now, let .Z be a sheaf on Xg. We define

m

where £’ runs through the set S of finite (separable) extensions of k contained in ks.
Since the set of finite Galois extensions of k contained in kg is cofinal in S, we can
suppose that each k' is Galois over k. In this case, the action of Gal(k’, k) on k' gives
rise to an action of G on k¥’ which itself turn .#(K') into a G-module. Hence, M # is
a G-module and it is easy to check that it is a continuous G-module. If o : % — F/
is a natural transformation between two sheaves on Xg, then « induces a map of
directed systems {Z(k')} — {#'(K')} which gives rise to a homomorphism of
groups Mgz — Mg. Moreover, this homomorphism is a morphism of G-groups.
Finally, we have

Mz, =lim Z (k') = lim MR — | = w1,
K’ k' H<oG

Hence, the functor which send % to Mg is (essentially) surjective and we have an
equivalence of categories, as required. O

Corollary 1.3.9
Let F be a sheaf of abelian groups on (Speck)¢. For every n € Ny, we have

H"((Speck) g, F) = H" (Gal(ks, k), limy 7 (K'))
k./

where the limit is taken on the finite Galois extensions k' of k contained in ks.
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1.3.3 Cech cohomology

As in the “standard” sheaf cohomology, we have a more explicit way to compute
cohomology: the Cech cohomology. We fix a scheme X and some FE-covering U =
{Ui—=X }z'el of X. For any element (ig, ... ,ip) in IPT! we denote Uy x x ... x x U;,
i, Let F be a presheaf on Xg. The projections U; — U, =

""""""" ip 107"'7ij7"'7ip
induce restriction maps
res; : cg‘\(Um ..... i;,...,ip) — y(Uio,..‘,ip)-
For each p € Ny, we define
Cp(uvﬁ) = /(UZO, zp)
(30 y--nsip ) ETPHL
and
P CPU, F) — CPTH U, F)
p+1 ‘
S dps? (dps)i0a~~'7ip+l = Z(_l)j ’ resj(sio,“.,{;,...,iz,+1)'
§=0

One can check that (Cp(u, F), dp) is a cochain complex and thus compute its coho-
mology.

Definition 1.3.10 (n-th group of Cech cohomology)

Let X, Z and U as above. The n-th group of Cech cohomology of .# with respect of
the covering U is the n-th group of cohomology of the complex (Cp(l/{, ﬁ),dp). We
denote it by H™(U, 7).

By definition of the maps res;, we have a map
F(X) — HY(X, F) = ker (H W) — ] f(Um-)),
i ij

which is an isomorphism if .% is a sheaf.

1.3.3.1 Getting rid of the dependence on the choice of the covering

The aim now is to get rid of the choice of the covering. In this section, a covering
denotes an E-covering for some fixed class of morphism E.

Definition 1.3.11 (Refinement of a covering)

LetU = {UZ-LX }z‘el and V = {VJAX }jeJ be two coverings of a scheme X.
We say that V is a refinement of U if there exists a map 7 : J —> I and morphisms
nj : Vi — Ur(;) such that the following diagram commutes for every j € J:
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If V is a refinement of U, then the family of morphisms {n;} induces a map of
cochain complexes 7* : C*(U, . F) — C*(V,.#) which induces maps on cohomology
H"(U,.F) — H™(V,.F). Moreover, one can check the the maps between the coho-
mology groups do not depend on the choice of 7 and 7).

Consider now the category of all coverings U of X modulo the equivalence rela-
tion: U ~ V if and only if U is a refinement of V and V is a refinement of U. Then,
being a refinement gives rise to a partial order on the equivalence classes of coverings
of X. If we denote by C this diagram category, then C is a cofiltered category. Indeed,
{Ui X x Uj—>X} is a refinement of both U and V.

Definition 1.3.12 (n-th group of Cech cohomology)
Let X be a scheme and % be a sheaf on Xg. The n-th group of Cech cohomology
of & is defined as follows

H"(Xg,F) = ling H" (U, F).
uec

Remark 1.3.13
If 0 F' F F" 0 is an exact sequence of presheaves, then we get
an exact sequence of complexes

00— C"U, F') —=C"U, F) —= C"U, F") —0

which gives rise to a long exact sequence H" (U, —) and, finally, a long exact sequence
H™(X,—). However, if we start with an exact sequence of sheaves, then

0o—C"U,F)——C"U,F)——C"(U,F") —=0
may fail to be exact. In particular, we may have H"(X,.#") % H"(X,.F").

The previous remark motivates the following result (see [Mil80, Corollary I11.2.5]).

Proposition 1.3.14

Let X be a scheme. Then, the Cech cohomology groups H'”(X,—) agree with the
cohomology groups H™ (X, —) if and only if for every short exact sequence of sheaves,
there is a functorially associated long exact sequence of Cech cohomology groups.

Proposition 1.3.15

Let X be a quasi-compact and quasi-projective scheme over an affine scheme. Then,
we have isomorphisms H"(X g, F) = H (X g, F) for every n € Ny and every sheaf
F on Xg.

Proof. See |Mil80, Theorem I11.2.17]. U

1.3.3.2 Non-abelian Cech cohomology

As usual, let X be a scheme, Xg be a site on X and U = {Ui—>X} be a covering
of X for the E-topology. We want to extend the definition of H'(U,.7) to sheafs
of non-abelian groups. Hence, we consider a sheaf of groups % on Xp. With a
multiplicative notation, the usual definition gives.
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Definition 1.3.16 (1-cocycle)
A 1-cocycle for U with values in .F is given by an element (fi;) € [[; ; 7 (Ui ;) which
satisfies

fij

Definition 1.3.17 (Cohomologous 1-cocycles)
Two 1-cocycles f and f' for U with values in F are said to be cohomologous if there
ezists (g;) € [, # (U;) such that

Uik ' fjk‘Ui,j,k = fik‘Ui,j,k7 Vl,j, k.

-1
U,L'j ’

fi = 9ily,, - fii - 95 Vi, J.

Being cohomologous defines an equivalence relation on the set of 1-cocycles.

Definition 1.3.18 (First Cech cohomology group)
We denote by H' (U, .F) the set of equivalence classes of 1-cocycles.

Remark 1.3.19
If % is a sheaf of abelian groups, this definition coincides with the usual definition
of H'(U, 7).

As in the commutative case, we define H'(Xp,.Z) = ling H\U, 7).

1.3.3.3 Twisted forms and Cech cohomology

In this section, we fix a scheme X and a site Xg of schemes above X. As in section
1.1.5, the goal is to relate the twisted forms of an object to a first set of cohomology.
Here, we will consider the twisted forms of an X-scheme with respect to the chosen
FE-topology.

Definition 1.3.20 (Twisted form of a scheme)

Let Y and Y’ be two schemes over X. We say that Y’ is a twisted form of Y for the
E-topology if there exists a covering {U,L-—>X }z‘el of X for the E-topology such
that Y xx U; =Y’ xx U; for every i € 1.

Notation 1.3.21
We denote by TFg(Y) the set of isomorphism classes of twisted forms of Y for the
E-topology.

Notation 1.3.22
Let Y be a X-scheme. We denote by Aut(Y") the sheafification of the presheaf which
associates to a X-scheme U the group Auty (Y xx U).

Proposition 1.3.23
We have a map of pointed sets

0:TFp(Y) — HY(X,Aut(Y)).

Proof. Let Y’ be a twisted form of Y for the E-topology. By hypothesis, there exists
a covering U = {Ul-*>X} of X and isomorphisms ¢; : Y xx U; — Y’ x x U; for
each i. Now, we define

1
fij = ¢i‘U”. ° ¢;

and it is easy to check that (f;;) is indeed a 1-cocycle. If ¢} : Y xx U; — Y’/ x x U; is
another collection of isomorphisms which gives rise to the 1-cocycle ( Z»’j), then f and

Us,j
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f' are cohomologous (via g; = gb;_l o ;). Hence, the association Y’ — (f;;) does
not depend on the choice of the isomorphism. We thus have a map from TFg(Y)
to H'(U, Aut(Y)) and thus to H'(Xg, Aut(Y)). Composing with the morphism of
presheaves Aut(Y) — Aut(Y) gives a map from TFg(Y) to H (X, Aut(Y)).

We want to check that if Y/ =2 Y then their images are cohomologous. If we have an
isomorphism ¢ : Y’ — Y’ and collections of isomorphisms ¢; : Y x xU; — Y/ x x U;
and ¢} : Y xx Uy — Y" xx U; (if the two coverings are not the same, we can pass
to the refinement U; xx U ]’), then the images of Y and Y’ are cohomologous via

gi=¢§710¢’m0¢i- O

Proposition 1.3.24
Suppose that the topology on X is one of the following: fpgc, fopf, étale, Zariski.
Then, we have an injective map of pointed sets

0:TFp(Y) — HY(Xg, Aut(Y)).

Proof. The additional assumption allows us to glue morphisms, which implies the
injectivity of 6. O

Example 1.3.25
Let Y = O%. We have Aut(Y) = GL,,. Then, we have an injection

0: TFét(OSL() — Hl(Xét, GLn)



Chapter 2

The Brauer group of a field

The goal of this section is to present the construction of the Brauer group of a
field, which can be used to classify central simple algebras which split over a field.
We will see three constructions of this Brauer group. The first one, the “classical”,
uses Wedderburn’s theorem. The second one express the Brauer group of a first
cohomology group (non-abelian cohomology) while the last one is via a second group
of cohomology; more precisely the Brauer group of a field k, is the cohomology
group of the absolute Galois group with coefficient in k%, the invertible elements of
the separable closure of k.

Convention 2.0.26
When speaking about a k-algebra, it is assumed that k is a field. Moreover, unless
stated otherwise, a k-algebra A is assumed to be finite dimensional.

2.1 Classical construction of the Brauer group

2.1.1 Preliminaries

Definition 2.1.1 (Splitting field)

Let A be a k-algebra. If K is a field extension of k such that A @y K = M, (K), for
some n, we say that K is a splitting field for A. We may also say that A splits over
K or that K splits A.

Theorem 2.1.2 (Wedderburn’s theorem)

Let A be a simple k-algebra. Then, there exists n € N and a division algebra k C D
such that A = M, (D). Moreover, the integer n is unique and D is unique up to
isomorphism.

Corollary 2.1.3
Let k be an algebraically closed field and let A be a simple k-algebra. Then, there
exists n € N such that A= M, (k).

Proof. Let n and D, given by Wedderburn’s theorem, such that A = M, (D). Con-
sider some a in D. As D is finite dimensional over k, the powers 1,q,a?,... are
linearly dependent. Therefore, there exists some polynomial f € k[z] such that
f(a) = 0. Since D is a division algebra, we may suppose that f is irreducible. Since
k is algebraically closed, we have a € k, as required. O

25
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Lemma 2.1.4
Let A be a k-algebra and K/k a finite field extension. Then, A is central simple
(over k) if and only if A ® K is central simple (over K ).

We have the following characterization of central simple algebras:

Theorem 2.1.5
Let A be a k-algebra. Then, A is central simple if and only if there exists some finite
field extension K of k such that A splits over K.

Proof. First, suppose that A ®; K = M,(K). It is well-known that M,(K) is a
central simple K-algebra and the previous lemma implies that A is central simple
over k.

Now, suppose that A is a central simple k-algebra. The previous lemma and Corollary
2.1.3 imply that there exists an isomorphism ¢ : A @ k — M, (E) We denote by
ai, ..., the images under ¢! of the canonical basis ey, ..., e,2 of M, (E) Now,
there exists a finite field extension K of k such that aq,...,q,2 € A ®; K. The
restriction of ¢ to A ®; K is an isomorphism between A ®; K and M, (K), as
required. O

Corollary 2.1.6
Let A be a k-algebra. Then, A is central simple if and only if there exists some finite
Galois extension K of k such that A splits over K.

Corollary 2.1.7
If A is a central simple k-algebra, then its dimension (over k) is a square.

The last corollary motivates the following definition:

Definition 2.1.8 (Degree of a central simple algebra)
The degree if a central simple k-algebra is /dimy, A.

The theorem also implies the following result:

Corollary 2.1.9
Let Ay, As two central simple k-algebras. Then, A1 Qi As is a central simple k-

algebra. Moreover, if K is a splitting field for A1 and As, then K is also a splitting
field for A1 ®p As.

Proof. Let K; and K» be two finite extensions of k such that A; ®; K; = M, (K;),
for i = 1,2. Then, the compositum field K = K7V K> is a splitting field for A; ®j As.
The second claim is obvious since My, (K) ® g My, (K) = My, ., (K). O

2.1.2 Construction of the Brauer group

Notation 2.1.10
Let K|k be a finite Galois extension of fields. We denote by CSAg(n) the set of
k-isomorphism classes of central simple k-algebra which split over K.

Definition 2.1.11 (Brauer equivalent)
Let A, B be two central simple k-algebras. We say that A is Brauer equivalent to B
if there exists m,n € N such that A @y My, (k) = B &, M, (k)

One can easily show that being Brauer equivalent defines an equivalence relation.
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Definition 2.1.12

As before, let K|k be a finite Galois extension. We denote by Br(k) the set of equiv-
alence classes of central simple k-algebra (for the relation defined just above). We
denote by Br(K|k) the set equivalence classes of central simple k-algebra (for the
relation defined just above) which split over K.

Theorem 2.1.13
The sets Br(k) and Br(K|k), equipped with the tensor product (over k) are abelian
groups.

Proof. We only prove that Br(k) is a group and the Corollary 2.1.9 will imply that
Br(K|k) is a subgroup of Br(k). It is easy to see that the tensor product induces
a well-defined binary commutative operation on the equivalence classes. Moreover,
the class of & = M; (k) is the neutral element. Now, consider some central simple
k-algebra A and denote by A°P the opposite algebra. Then, we have the isomorphism
A ®j A°? = M, (k), where n is the degree of A (recall that the degree is the square
root of the dimension). Therefore, the class of A°P is the inverse of the class of A,
as required. ]

Definition 2.1.14 (Brauer group)
The group Br(k) is called the Brauer group of k. The group Br(K|k) is the Brauer
group of k relative to K.

Remark 2.1.15
The association K —— Br(K) is a covariant functor from the category of fields to
the category of abelian groups.

Sometimes, it is more convenient to work with the following equivalent definition
of the equivalence relation: two central simple k-algebras A and B are equivalent if
the two division algebras given by Wedderburn’s theorem (see Theorem 2.1.2) are the
same (up to k-isomorphism), that is if there exists n,m € N and a division algebra
k C D such that A = M, (D) and B = M,,(D).

Proposition 2.1.16 (Equivalent definition of the relation)
The two relations are equivalent.

Example 2.1.17 (Brauer group of an algebraically closed field)
The Corollary 2.1.3 implies that the Brauer group of an algebraically closed field is
trivial.

Definition 2.1.18 (Quasi-algebraically closed field, C; field)

Let K be a field. We say that K is quasi-algebraically closed (or Ci) if every non-
constant homogeneous polynomial p € K|x1,...,xy] of degree d < n has at least one
non-trivial zero i K™.

Example 2.1.19 (Brauer group of a quasi-algebraically closed field)

Let k be a quasi-algebraically closed field. We want to show that Br(k) = 0, which is
equivalent to prove that k is the unique division algebra over k. Let A be a division
algebra of degree n over k and let {ej,...,e,2} be a k-basis of A. Then, the reduced
norm can be viewed as a homogeneous polynomial of degree d in n? variables over k:

Nrd : k" — k, (x1,...,2,2) '—>Nrd(2xi-ei).

Since A is a division algebra, the point (iv) of Proposition 1.2.2 implies that n? < n,
which means that A = k, as required.
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2.2 The Brauer group as a H'

Proposition 2.2.1
Let K/k be a finite Galois extension K/k. We have a bijection of pointed set

CSAk(n) = H'( Gal(K, k), PGLy, ).

Proof. We want to apply Theorem 1.1.36. Let V' = M,,(K) and let ® the (1, 2)-tensor
which corresponds to the matrix multiplication. Since any automorphism of the
matrix ring is inner, we have Autx (®) = PGL,(K). Since any algebra can be viewed
as a (1,2)-tensor, the Theorem 2.1.5 suggests that CSAg(n) = TFg(M,(k), ®).
Hence, we just have to check that if a (1,2)-tensor ¥ is such that Uy satisfies the
associative condition, then so does W. The element ¥ € Hom(W ®; W, W) can be
viewed as an element of W @ W* @) @W* as follows: if {e;} denotes a k-basis of
W and if {¢'} denotes the corresponding dual basis, then

U = E aijk€k®€l®€],
i7j7k

where W(e; ® ej) = >, asjrer. The condition of associativity of ¥ can be written as
Vo (id®W¥) = Vo (¢oid). Now, one can check that this condition is equivalent to

E Qrsk * Qktm = § Qstk * Arkm, VT', S, t.
k,m

k,m

Now, if we do the same think for W, it is easy to see that the associativity condition
on Wk implies the one on W. Therefore, we have CSAg(n) = TFx(M,(k), ®).
Finally, we have the required bijection. O

Now, we would like to get rid of the dependence on n. We wan to consider both
of the families { CSAK(n)}n and {H'(Gal(K, k), PGL,(K)) }n as directed systems.
Let n and m be positive integers. First, we define

tmn : CSAg(m) — CSAg(nm)
Avr— A M, (K).

Now, suppose that a : G — PGL,,(K) represents the class of a 1-cocycle. From
the (class of) the matrix a, we define a matrix b, € My, (K), by putting n times a,
along the diagonal and zeros outside of the diagonal, that is:

a 0 ... 0 0O
0 a, 0 0
by =
0 0 as 0
0 0 0 as

One can check that this gives rise to a map of pointed sets
Amn = H' (Gal(K, k), PGL,,(K)) — H'(Gal(K, k), PGLyn (K)).

Now, consider the maps 6, : CSAg(n) — H'(G,PGL,(K)) as in the proof of
Theorem 1.1.36. We claim that the maps 6, form a morphism of directed system,
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which means that the following diagram commutes:

97”

CSA g (m) H'(Gal(K, k), PGL,(K))

Hmn l \L Amn

CSA g (nm) — 2™~ H'(Gal(K, k), PGLym(K)).

We compute:

A © Oy, Let A € CSAg(m) and let f : M, (K) — A ®; K be an isomorphism.
The image of A under 6, is the 1-cocycle a. Let o € Gal(K,k) and let
bo = Amn(a). If ay is viewed as an automorphism of M,,(K) then, the image
of a matrix M € M,,,(K) is obtained by applying a, to each of the n? blocs
of size m x m of M.

Orm © tmn We have pimn(A) = A ®; My, (k) and we can use the isomorphism
g=f® idMn(k) : Mm(K) ® Mn(k) — A K ® Mn(k)

to compute the element 6y, © fmn(A). Looking at the isomorphism between
M (K) and M,,(K) @ M,,(K) shows that O, © timn(A) = Apn © 0, (A), as
required.

Therefore, the functor hﬂ gives rise to a map

6 : lim CSA g (m) — lim H' (Gal(K, k), PGLy, (K)).

Now, remark that by definition of the direct limit, we have Br(K|k) = lim CSAg (n).

Notation 2.2.2
With the same notations as above, we write

H! (Gal(K, k),PGLo(K)) := hgn H! (Gal(K, k), PGLy (K)).
Now, we would like to endow H' (Gal(K, k), PGLOO(K)) with the structure of a
group. Let n,m € N and define a map:
End(K") x End(K™) — End(K" @k K™), (p,0) — o ® .
Via the choice of a basis, this map restricts and corestricts to a map from
GL,(K) x GLj,(K) — GLym (K).

Moreover, since a couple of a scalar matrix is sent to a scalar matrix, we have
PGL,(K) x PGL,,(K) — PGLy» (K). Finally, we get a well-defined map

H'(G,PGL,(K)) x H(G,PGLy,,(K)) — H'(G,PGLyn(K))
(a,b)—>a-b, (a-b)y =as R by.
On the other hand, we have a binary operation
CSAk(n) x CSAg(m) — CSAk(nm)
(A, B) — A QKK B

and it is easy to check that these two laws are compatible with the maps Apm, Amn,
nm; Wmn. Therefore, we have the following result:
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Proposition 2.2.3
Let K|k be a finite Galois extension. We have the following isomorphisms of groups

Br(K|k) = lim H' (Gal(K, k), PGLy(K)).

Using Corollary 2.1.6 and taking the limit over all finite Galois extension of k
gives the following result:

Proposition 2.2.4
Let k be a field and let kg be the separable closure of k. We have the following
bijection:

Br(k) = H'(Gal(ks, k), PGLoo (ks)).

2.3 The Brauer group as a H?

Notation 2.3.1
Let k be a field. We denote by G the absolute Galois group of k, that is Gy is
Gal(ks, k), where ks denotes some separable closure of k.

Remark 2.3.2
If the characteristic of k is 0 or if k is a finite field, then ks = k, some algebraic
closure of k.

Notation 2.3.3
Let K/k be a Galois extension. We denote by H™(K/k) the m-th group of coho-
mology group H™(Gal(K, k), K*).

Theorem 2.3.4
Let k be a field and let K be o finite Galois extension of k. Then we have

Br(K|k) = H*(Gal(K, k), K*), Br(k) = H*(Gy, ks*).
Proof. Let G = Gal(K, k). First, consider the exact sequence
11— K* —— GL,(K) —=PGL,(K) — 1.

Using Hilbert’s theorem 90 (see Theorem 1.1.26) and Proposition 1.1.25, we have an
exact sequence

0 — H(G,PGL,(K)) —2= H*(G, K*), (2.1)

which gives rise to the following diagram

CSA g (m) —m

H'(G,PGLy,(K))

k

CSAg (nm) — 22—~ HY(G, PGLy (K))

To see that dpm © A = O, consider a representative ¢ : G — PGLy,(G) of a
class in H'(G,PGL,,(K)). Recall that a representative a of the element d,,(c) can
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be written asr = by - b, - bm._l, where b, is the preimage of ¢, under the canonical
surjection 7 : GLy, (K) — PGL,,(K). Now, let ¢ = A\upn(c). Since ¢, is n copies of
¢o along the diagonal, we can construct the b/ by putting n copies of b, along the
diagonal. hence, we will have d,,(¢) = dpm © An(c). Therefore, we can pass to the
limit and get a morphism of groups ¢ : H'(G,PGLy(K)) — H*(G, K*). Passing
equation (2.1) to the limit shows that ¢ is injective.

To see that it is surjective, we will show that ¢, is surjective, where n = [K : k].
Let ¢ : G x G — K* the representative of a class in H?(G,K*) and let V the n
dimensional K-vector space of basis {e, : 0 € G}. We define n automorphisms of V:

eg:V—V

T Qg7 * €or-

We want to show that asr = by - %- - b1 (this will also show that b is a 1-cocycle).
Hence, we compute,

bUT(eT)) = Aot €on

bs 0 °br(ey) = bo (U(a.w)) “ery = "7y - Qg Corr-
Using the fact that a is a 2-cocycle gives the required equality. O

Thanks to Proposition 1.1.18, we get the following result.

Proposition 2.3.5
Let k be a field. Then Br(k) is torsion.

Example 2.3.6 (The Brauer group of R)

We have k = R, ks = C and Gy = C2. With the notations of Example 1.1.5, we have
H2(G, ks*) = ((C*)CQ/imm/\, where m) : C* — C* send a complex number z to
z - Z. Therefore, we have

Br(R) = H*(G}, ks*) = R*/(R*)2 = Ca.

Since the algebra H of Hamilton’s quaternion is not isomorphic to some matrix
algebra over R, R and H are two representatives of the two classes of Br(R).

Example 2.3.7 (The Brauer group of a finite field)
Let k = IF, be a finite field of characteristic p. Since k is a perfect field, we have
ks = k. The absolute Galois group of k is G, = Z = wn Ch. Therefore, we have

Br(k) = ling H?(Gal(Fyn,Fy),Fgn*).
n€eNp

Now, the Gal(Fg»,F,)-fixed points of Fyn* are exactly the elements of F,*. We see
that the map multy : Fgn* — F»" is the norm and is surjective onto the base field.
Therefore, we have H? (Gal(IE‘qn,IFq), IE‘qn*) = 1, which implies that Br(k) = 1.

Remark 2.3.8
We could have used Wedderburn’s little theorem which states that every finite skew
field, or division algebra, is a field.
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2.4 The Brauer group of a local field

The goal of this section is to present the computation of the Brauer group of a local
field. We won’t give all the details but instead present only the main steps. All the
proofs can be found in [Ser95|. Let (K,v) be a complete valuation field. Let A be
the valuation ring of K and let K. the residue field of K. We suppose moreover
that Kies is a finite field.

2.4.1 Main steps of the computation
To compute the Brauer group Br(K) of K, the steps are the followings:

(i) Using the fact that Br(Ky,;) = 0, deduce that for each central simple algebra
A € Br(K), there exists a finite unramified extensions F//K such that F is a
splitting field for K.

(ii) Last point implies that Br(K) = H?(K./K). Hence, we have the equality
Br(K) = J; H*(L/K), where L runs through the set of finite unramified Galois

extension of K contained in K. From now, we consider a finite unramified
Galois extension L of K and its Galois group G = Gal(L, K).

(iii) The split exact sequence

0 U —L*——7Z 0
gives rise to split exact sequences
0— H™(G,Ur) —= H™(G,L*) — H™(G,Z) —=0
for every m € N.
(iv) Using the fact that H™(G,Ur) = 0 for all m > 1, we get the isomorphism
H™(G,L*) = H™(G,Z).
2.4.2 Computation of the Brauer group

Proposition 2.4.1
We have Br(K,;) = 0.

Proof. See [Ser95, Chapter X, Examples of Fields with Zero Brauer Group|. O

By construction of Ky, (see Definition 1.2.4), we get a morphism of groups 6 :
liﬂBr(E) — Br(K), where E goes through the set of finite unramified extension
FE of K contained in Ky;. Since this morphism is easily seen to be injective, we have
the following.

Proposition 2.4.2
For each central simple algebra A over K, there exists a finite unramified extension
E C Ky of K which is a splitting field for A. This means that we have

Br(K) = Br(Ky|K) = H*(Ky/K)

Proposition 2.4.3
We have Br(K) = lim | H?(L/K), where L runs through the set of finite unramified
Gualois extension of K.
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Proof. Let A € Br(K) and let F C Ky, be an unramified splitting field for A. By
Theorem 1.2.3 and Corollary 1.2.6 we can choose F to be Galois. O

From now on, we fix a finite unramified Galois extension L/K and let G be
the Galois group Gal(L, K) = Gal(Ly, Ky). The aim is to compute H?(L/K).
Consider the following exact sequence of groups

v

0 ULS L* Z 0.

Let m € L be a uniformising parameter m, which means that every x € L* can be
written in a unique ways as x = 7" u, where n = v(z) € Z and u € Up,. Since L is
unramified over K, we can choose m € K. Hence, the action on L* can be restricted
to Ur. Moreover, with this choice of an uniformizer, the last sequence is a split
exact sequence of G-modules (Z is viewed as a trivial ¢4-module). Since the functor
H™(G, —) commutes with direct sums, we have the following split exact sequence

0—— H™(G,UL) —= H™(G, L*) —= H™(G,Z) — 0.

Since H™(G,Ur) = 0 for every m > 1 (see |[Milll]), we get H™(G, L*) = H™(G, Z).
Now, the exact sequence ( 7 Q Q/z 0 and the fact that the

group H™(G,Q) is zero for m > 1 (see Proposition 1.1.6), gives the isomorphism
H?*(G,7Z) = H'(G,Q/z). Since Q/z is a trivial G-module, we have the equality
H'(G,Q/7) = Hom (G, Q/7). Until now, we have the following morphisms:

H2(L/K) —%> HX(G, Z) —> H' (G, Q/z) —— Hom (G, Q/z) — Q/7.

Definition 2.4.4 (The invariant map)
The morphism H*(L/K) — Q/y is called the invariant map and is denoted by
invy,/ . This map induces an isomorphism H*(L/K) — (ﬁZ) /7.

It is easy that all the morphisms of the above sequence are compatible with the
morphisms of the directed system, that is: if K C L C L' C Ky, is another finite
Galois unramified extension of K with Galois group G’, then each square of the
following diagram is commutative:

H2(L/K) 2> H(G, Z) ——~ H'(G,Q/z) —— Hom (G, Q/z) — Q/z,
HY(E/K) 2> HY(G',2) ——> H'(G",Q/z) —— Hom (G',Q/7) — Q/g.

Therefore, we can pass to the limit over L and get the following sequences of isomor-
phisms:

671

Vx

H*(K,./K)

H2Gal(Ky, K),Z)

HY (Gal(Ku, K),Q/7)

H'(Gal(Kyr, K),Q/7) == Hom ( Gal(Ky, K),Q/7) Q/7.

Note the followings:

Remarks 2.4.5 (i) Hom (Gal(Kyu, K),Q/z) is the group of all continuous homo-
morphisms from Gal(K,,, K) to Q/7, where Q/7 is endowed with the discrete
topology.
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(ii) The isomorphism Hom (Gal(Ky, K),Q/7) = Q/z is obtained via the choice of
a topological generator for Gal(Ky,, K), which is procyclic.

Definition 2.4.6 (The invariant map)
The isomorphism H?*(Ku/K) — Q/y is called the invariant map and is denoted
by inVK.

To summarize, we have the following theorem.

Theorem 2.4.7

Let (K,v) be a complete valuation field. Let A be the valuation ring of K and let
Kies the residue field of K. We suppose moreover that Kies s a finite field. Then,
Br(K)=Q/z.



Chapter 3

The Brauer-Grothendieck group

3.1 Azumaya algebra over a local ring and Brauer group
of a local ring

In this section, R denotes a commutative local ring with maximal ideal m. The
reference for this section is [Mil80].

Convention 3.1.1
Let S be a ring. An algebra A over S is assumed to be unital with S contained in its
center.

Convention 3.1.2
Let A be an algebra over a ring R. By Endgr(A), we mean the R-module consisting
of all endomorphisms of A as an R-module.

Definition 3.1.3 (Azumaya algebra over a local ring)
Let A be an R-algebra. We say that A is an Azumaya algebra over R if A is free of
finite rank as a R-module and if the map

ARr A® — EndR(A)
a®ad — poa A— A x— azd,

s an isomorphism of R-modules.

Proposition 3.1.4
Let A be an Azumaya algebra over R. Then, the center Z(A) of A is R.

Proof. By definition, we have R C Z(A). Now, let ¢ € Z(A). Consider an R-basis
{l1=ay,...,an} of A and the family of R-linear endomorphisms

Xj:A— A

Note that since A is an Azumaya algebra, we have p(zc) = ¢(x)c for every z € A.
Now, we get

c=x1(1)c=x1(c) =r1 € R,

as required. O

35
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Proposition 3.1.5
Let A be an Azumaya algebra over R. There exists a bijection between the ideals of
R and the ideals of A.

Proof. We have the following maps:

{ideals of R}

{ideals of A}

J JA
RNI i1

We want to check that these maps are inverse to each other. We keep the notations
of the previous proof.

IANR =1 The inclusion I C TANR is clear. Let z = ) ,rja; € TANR. By
hypothesis, we have r; € I for every ¢ and since x € R, we have r; = 0 for
every ¢ > 1, as required.

(JNR)A = J The inclusion (J N R)A C J is clear. Now, suppose that z € J and
write x = ), 75a;, for some r; € R. For every i, we have r; = x;(x). Now, we
have x;(z) € J since A is an Azumaya algebra, as required.

O]

The last two propositions and the Skolem-Noether’s theorem give the following.

Proposition 3.1.6
Let k be a field. An algebra A over k is central simple if and only if it is an Azumaya
algebra.

Lemma 3.1.7
Let R be any commutative Ting and let A be an R-algebra which is free of finite rank
as an R-module. Let R' be a commutative R-algebra. Then, we have an isomorphism

n:Endg(4) g R — Endr (A ® R')
pRsr—nleer):z@r — o(x) 7.

Proof. Let n denotes the rank of A as an R-module. Both the domain and the
codomain of 7 are free R'-modules of rank n?. If we let ¢;; € Endg(A) be the map
which send aj to 6¥a;, then a R'-basis for Endr(A4) ®g R is B = {¢;; ® 1} while a
R'-basis for Endp (A ® R') is given by B’ = {¢;; ® idg }. Then, it is easy that 7
maps B to B'. O

Proposition 3.1.8 (i) If A is an Azumaya algebra over R and R’ is a commutative
local R-algebra, then A @r R is an Azumaya algebra over R’.

(i) Let A be an R-algebra which is free of finite rank as an R-module. If the algebra
A= A®gpR/y is an Azumaya algebra over R/y,, then A is an Azumaya algebra
over R.
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Proof. Let’s keep the notation of the previous lemma. We have the following com-
mutative diagram:

4p®idR/

(A®Rr A°?) @r R’ Endr(A) @ R’

Ei %lﬂ

(A QR R/) Qg (A QR R/)Op EndR/(A®R/).

/

Since A®RA°P is free as an R-module (hence faithfully flat), then ¢ is an isomorphism
if and only if ¢’ is. This implies both statements. O

Corollary 3.1.9 (i) If A and A’ are Azumaya algebras over R, then so is AQr A'.
(i) The matriz ring M,,(R) is an Azumaya algebra over R.

Proof. (i) We have
A®r A" Or Rl = (A®R R/m) ®@r/m (A @r Rjy)-

Using the point (i) of the previous proposition, we see that each term is an
Azumaya algebra over Ry, that is a central simple algebra over R/y,. Hence,
the right hand side is a central simple algebra which implies, by the point (i7)
of the previous proposition, that A ®z A’ is an Azumaya algebra over R.

(ii) We use the point (i) of the previous proposition and the fact that M, (k) is a
central simple algebra if k is a field.
O

Let A and A" be two Azumaya algebras over R. We say that A and A’ are similar
if there exists n,n’ € N such that AQrM,,(R) = A'®@pM,/(R). Let Br(R) be the set
of equivalence classes of Azumaya algebras. The tensor product endows Br(R) with
the structure of an abelian monoid with identity element R. Since A ® A°P? ~ R,
Br(R) is in fact an abelian group.

Definition 3.1.10 (Brauer group of a local ring)
Let R be a local ring. The group Br(R) is called the Brauer group of R.

Remark 3.1.11
It is obvious that if R is a field, then this definition coincides with our previous
definition of the Brauer group.

3.2 The Brauer group of a scheme

In this section, X denotes a locally noetherian scheme.

Definition 3.2.1 (Azumaya algebra over a scheme)
An Ox-algebra A is called an Azumaya algebra over X if it is coherent (as a Ox-

module) and if Ay is an Azumaya algebra over Ox . for every closed point x of
X.
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Remarks 3.2.2 (i) If A is an Azuyama algebra, then A, is an Azumaya algebra
over Ox . for every x € X. To see this, we can assume without loss of generality

that X = Spec R and that A & M for some R-module M. Now, if  corresponds
to the prime ideal p and if p C m for some maximal ideal m of R, we have

The last term is an Azumaya algebra over R, by hypothesis on A and point ()
of Proposition 3.1.8.

(ii) Using Theorem 1.2.9 of [Mil80], we see that A is locally free of finite rank as a
O x-module.

Proposition 3.2.3

Let A be an Ox-algebra that is of finite type as an Ox-module. Then, the following
are equivalent:

(i) A is an Azumaya algebra over X.

(i) A is locally free as an Ox-module and A(x) := Ay ® k() is a central simple
algebra over k(x) for every x € X.

(#3) A is locally free as an Ox-module and the canonical homomorphism
A®0p, AP — Endp, (A)
18 an isomorphism.

(iv) There exists a covering {UZ-*>X} for the étale topology on X such that for
each i, there exists an r;, for which A ®p, Oy, = M,,(Oy,).

(v) There exists a covering {Ui—>X} for the flat topology on X such that for
each i, there exists an 14, for which A ®p, Oy, = M,,(Oy,).

Proof. (i) = (ii) The first part of the claim follows from the previous remark. The
second part follows from Propositions 3.1.8 and 3.1.6.

(73) = (i) Follows from Proposition 3.1.8.
(i) < (i) We have the following isomorphisms of Ox ,-algebras
(A®oy AP) = A, ®ox, AP, (Endoy(A)), = Endoy, (As).
Hence, the equivalence between (i) and (#iz) follows from the definitions.
(tv) = (v) By definition.

(v) = (4i) Let U =[], U;. Since each Uj; is flat over X, then so is U which implies
that A®p, Oy is flat over X. Since U — X is surjective, U is faithfully flat
over X and thus A is flat over Ox. Let x € X. Since A, is flat over Ox,, A,
is a free Ox z-module which means that there exists some open neighbourhood
V of x such that A‘V is a free (’)X‘V—module. Hence, A is locally free, as
required.
Finally, we have

-Az ®(9Xw OX,:B = Mri (OX,x)

and thus A(z) = M,, (k(z)), as required.
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(i) = (iv) See [Mil80].
L]

Remark 3.2.4
Using the point (i) of the last proposition, it is easy to see that the tensor product
of two Azumaya algebras over a scheme X is again an Azumaya algebra over X.

Let A and A’ be two Azumaya algebras over X. We say that A and A’ are
similar if there exists two locally free Ox-modules E and E’ of finite rank such that

A ®oy Endo, (E) = A’ ®oy Endo, (E/)

Since Endo (E) ®0, Endo, (E') = Endo,, (E ®o, E'), this is an equivalence rela-
tion. Let Br(X) be the set of equivalence classes of Azumaya algebras over X. The
tensor product endows Br(R) with the structure of an abelian monoid with identity
element Oyx. Since A ® AP ~ Ox, Br(X) is in fact an abelian group.

Example 3.2.5
Let R be a local noetherian ring and let X = Spec R. The equivalence of categories

between the category of finitely generated R-modules and the category of coherent
Ox-modules, we have Br(R) = Br(Spec R).

Definition 3.2.6 (Brauer group)
The abelian group Br(X) is called the Brauer group of X.

Remark 3.2.7 (Functoriality of Br)

Let f : X — Y be a morphism of locally noetherian schemes and let A be an
Azumaya over Y. Since X is locally noetherian, f*A is a coherent Ox-module.
Moreover, Proposition 3.1.8.(7) implies that ( f*A)m is an Azumaya algebra over
Ox,. It follows that Br is a contravariant functor from the category of locally
noetherian schemes to the category of abelian groups.

3.3 The cohomological Brauer group of a scheme

Proposition 3.3.1

Let A be an Azumaya algebra on a scheme X and let ¢ an automorphism of A.
Then, o is locally, for the Zariski topology, an inner qutomorphism, that is: there is
a covering of X by open sets U; and elements a; € A(U;) such that ¢‘U1 is given by
the conjugation by a;.

Proof. See [Mil80]. O

Definition 3.3.2
Let X be any scheme and let Xg be any site on X. We consider the followings
prescheaves:

Gy : (U — X)—T(U,Op),
Gm: (U — X)—T'(U,Op)*,
GL, : (U — X) +— GL,(I'(U, Op)),
PGL, : (U — X) — Aut(M,(0)).
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Proposition 3.3.3
The presheaves Go, Gy, GL,, and PGL,, are sheaves for the fppf topology (and thus
for the Zariski and étale topologies).

Proof. 1t is known that a presheaf . which is represented by a scheme (that is # =
Hom(—, X)) is a sheaf for the fppf topology. The first three presheaves are repre-
sented by Spec Z[z], Spec Z[z, 2z~ '] and Spec (Z[TH, . ,Tm,T]/<T - det(Ty;) — 1>>,
where Z[T11, ..., Tpn, T) is the polynomial ring with n? + 1 indeterminates over Z
and det(7;;) is the determinant of the matrix whose coefficient (4, j) is T;;. The

claim is clear for the first two ones. For the third one, we consider a ring R and the
morphisms

GL(R) == Hom ((ZITis, . Tons TIT - det() — 1)) ) -

The homomorphism ® sends an invertible matrix M to the morphism
Q: Z[Tn,.. . ,Tnn,T] — R
T%j — Mija T+— det(M)_l

which passes to the quotient. The homomorphism W sends a morphism © to the
matrix M which satisfies M;; = @(Tj;). For PGL,, see [Mil80]. O

Proposition 3.3.4
The sequence
1 Gm GL, PGL, —1

1s an exact sequence of sheaves for the Zariski and étale topologies.

Proof. Comes from Proposition 3.3.1. O

Definition 3.3.5 (Cohomological Brauer group of a scheme, Brauer-Grothendieck
group of a scheme)

Let X be a scheme. The cohomological Brauer group of X (or Brauer-Grothendieck
group of X ) is the group H*(Xg, Gp,). It is denoted by Br'(X).

Example 3.3.6 (X = Speck)

Let k be a field, X = Speck and let G = Gal(ks, k). We know that there is an
equivalence of categories between the category of sheaves on Xg; and the category
of continuous G-modules (see Proposition 1.3.8). Moreover, if M is a continuous
G-module and if .# is the corresponding sheaf, then we have

H(G,M) = M® = 7(X) = H (X, 7).

Therefore, the étale cohomology agrees with the Galois cohomology (see [Rot08,
Corollary 6.49]). Now, with the notation of Proposition 1.3.8, we have

Mg,, = 1im Gy, (') = ling ()" = ks
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In particular, we have Br’ (Speck) = Br(k).

Proposition 3.3.7
Let X be a scheme. The set of isomorphism classes of Azumaya algebras of rank n>
over X is isomorphic to H' (X, PGL, )
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Proof. Using Proposition 3.2.3 and Proposition 1.3.24, we get an injection from the
set of isomorphism classes of Azumaya algebras of rank n? over X into H' (X ,PGL, )
One can show that this map is in fact surjective. O

Theorem 3.3.8
Let X be a scheme. We have an injective homomorphism Br(X) — H2(X ¢, Gy).

Proof. See [Mil80, Theorem 1V.2.5]. O

3.4 A brief summary

Let k be a field and let A be a finite dimensional k-algebra. Let X be a locally
noetherian scheme and let A be an Ox-algebra that is of finite type as an Ox-
module.

(i) Ais a central simple k-algebra if and only if there exists n € N and some finite
separable extension K of k such that A @ K = M, (K).
The Ox-module A is an Azumaya algebra over Ox if and only if there exists
a covering {Ui—>X} for the étale topology on X such that for each i there
exists an 7; for which we have A ®p, Oy, = M,,(Oy,).

(ii) A is a central simple k-algebra if and only if A ®; A°? = Endg(A). A is an
Azumaya algebra over Ox if and only if A ®p, AP = Endp, (A).

(iii) The set of k-isomorphism classes of central simple k-algebras of dimension
n? is isomorphic to H'(Gal(ks, k),PGL, ). The set of isomorphism classes
of Azumaya algebras of rank n? over X is isomorphic to H* (X , PGLn).

(iv) We have
Br(k) —= H?(Gal(ks, k), ks*), Br(X)——— Br'(X) := H%(Xet, G-

(v) We have the isomorphisms

Br(k) = Br(Speck) = H?(Gal(ks, k), ks*) = H?((Spec k)st, Grm) .

3.5 Some results

Proposition 3.5.1
If X is compact or if the number of connected components of X is finite, then the
image of Br(X) in Br'(X) is torsion.

Proof. See [Groa, Corollary 1.5]. O

Theorem 3.5.2
Let X be a scheme. If then dimension of X is less or equal to one or if the dimension
of X 1s 2 and X is reqular, then Br(X) = Br/(X).

Proof. See |Grob, Corollary 2.2]. O

Proposition 3.5.3
Let X be a reqular integral scheme and let K be the field of rational function of X.
Then, we have an injection Br(X)—— Br(K).
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Proof. The canonical map Spec K — X gives rise to a map
H?*(X¢, Gp) — H?((Spec K)gi, Gy) = Br(K)

which is injective (see [Mil80, I11.2.22]). The Theorem 3.3.8 allows us to conclude. [
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Table of notations

EVF
H<, G
NG
Ab
Aut(®)
Cy

Gy,

H™(K k)

The composite field of £ and F

H is an open subgroup of G

H is an open normal subgroup of G
Category of abelian groups

Automorphism group of the tensor ®

Cyclic group of order n

Absolute Galois group of the field k
H™(Gal(K, k), K*)

Separable closure of K

Maximal unramified extension of K in K
Set of postive integers {1,2,...}

Set of non-negative integers {0,1,2,...}

Set of prime numbers

Category of presheaves on X (with value in Ab)
Category of R-modules

Category of sheaves on X (with value in Ab)
Set of twister forms of Y for the E-topology
Set of K|k-twisted forms of (V, ®)

Small E-site on X

Ring of the p-adic integers
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